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We present a novel formalism for the generation of integral equations for the
distribution functions of fluids. It is based on a cumulant expansion for the free
energy. Truncation of the expansion at the Kth term and minimization of the
resulting approximation leads to equations for the distribution functions up to
Kth order.

The formalism is not limited to systems with two-body interactions and
does not require the addition of closure relations to yield a complete set of
equations. In fact, it automatically generates superposition approximations,
such as the Kirkwood three-body superposition approximation or the Fisher—
Kopeliovich four-body one.

The conceptual approach is adapted from the cluster variation method of
lattice theory.

KEY WORDS: Liquid theory; distribution function theory; integral
equations.

1. INTRODUCTION

The goal of the statistical mechanical theory of liquids is: given the inter-
actions between the molecules, predict the structure, thermodynamic
properties, and range of stability of the liquid phase.") The difficulty here
does not lie in the principle involved, since all one has to do is to evaluate
the appropriate partition functions and ensemble averages, but a practical
one: in all but the most simple of cases, theory requires one to perform a
feat that surpasses all conceivable levels of computational effort. Thus,
liquid theory is approximation theory, and a wealth of techniques has been
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employed to generate approximate theories for at least the first few of the
k-body distribution functions g®*)(r,,..,r,), from which structure and
thermodynamic properties may be inferred: diagrammatic techniques,
functional differentiation, perturbation methods, and density functional
methods, to name a few well-known approaches.®®

The same problem of approximation is, of course, central to the theory
of phase behavior of the solid state. The localization of the atoms allows
for a space discretization (lattice models), which considerably simplifies the
mathematics of the statistical aspects of microscopic theories; consequently,
for lattice models the field of analytic approximations (as opposed to
numerical simulation) has reached a mature stage, where almost all
approximate theories can be understood and derived within the framework
of a single formalism, namely the generalized cluster variation method.*®
In this formalism a Mobius transformation” is used to generate a
cumulant expansion® for the free energy, and approximations result from
minimization of truncated versions of this expansion.

Here we present an adaptation of that same formalism to the liquid-
state theory. It is conceptually very simple and straightforward, it is not
limited to systems with only two-body interactions, it is free from auxiliary
assumptions such as the closure relations employed in the Yvon-Born—
Green theory, and it is free from the fairly arbitrary choices that must be
made in applying functional differentiation methods or density functional
theory. The only freedom is in choosing the number of terms to be kept in
the cumulant expansion of the free energy. This also means that the way to
improve upon any given approximation is clear: include the next term,
involving the next-higher-order distribution function. The formalism
applies to homogeneous and inhomogeneous fluids alike.

While the conceptual advantages of our approach are thus manifold,
and it parallels a method proven to be highly successful in solid-state
theory, we want to make clear from the outset that at present we make no
claims as to its practical usefulness. The algebraic complexity is such that
it is unlikely that more than four or maybe five terms in the cumulant
expansion can be kept, and so far only preliminary numerical calculations
have been done (using a pairwise Lennard-Jones potential). However, it is
our belief that even as a purely theoretical exercise the approach presented
here is of value, in that it may help gain a better insight into the structure
of other approximate theories. One interesting result in this direction is the
following: keeping K terms in the cumulant expansion results in a set of
equations for the first K distribution functions; the equation for g'*) has
the form of a superposition approximation. In this fashion, we can derive
both the Kirkwood superposition approximation® for g and the Fisher—
Kopeliovich relation'® for g.®
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In the next section we shall introduce the cumulant expansion for the
free energy. This is done in the formalism of the canonical ensemble. The
minimization of the truncated free energy expansion is discussed in Section 3.
The resulting equations for the distribution functions depend explicitly on
the number of particles N and the volume V, and it is necessary to derive
their asymptotic form, valid in the thermodynamic limit N, V' — oo, with
p=N/V fixed. Sections 4 and 5 present details of the asymptotic analysis
for the cases in which three and four terms in the expansion are kept. We
limit our presentation to the case of a homogeneous fluid, to avoid
excessively tedious algebra. Section 6 contains concluding remarks.

The equations of the triplet approximation of Section 4 and the quartet
approximation of Section 5 have also been obtained by Kikuchi and
Van Baal in an earlier attempt to adapt the cluster variation method to the
theory of liquids.!" They started from a lattice-based formulation and then
considered the limit of the lattice constant going to zero. The approach
presented here is more direct and stays within the continuum space
formulation.

2. ACUMULANT EXPANSION FOR THE FREE ENERGY

We use the canonical formalism and thus consider N identical particles
of mass m in a volume V. The particles are numbered 1 to N and they
interact with k-body potentials @®)(r,,.., 1), k=1,.., N. If the particles 1
to N are at positions r; to r, in the volume V, then the potential energy

of the system is
N

EM(r ey ty) =Y, Y PP(r, ..., 1) (1)

S v
We assume that each potential function &* is invariant under permuta-
tion of its arguments. The one-body potential ! describes an external
force field.

We now consider the joint probability of finding particle 7 in a volume
element dr; at r,, i=1,., N and we denote the associated probability
density by P™)(r,,.., ry). For the situation of thermodynamic equilibrium
this density is

P ty)=Z 5  exp[ = BENry,..01y)] (2)
where Z is the configurational integral
ZV. T)=| " expl—BE™(r,,...1x)] (3)
1%
and f= (kT
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For any such probability density P, not just for the equilibrium one,
we may define the n-particle density functlons p'™ by

Nt

(n)(rla s n) (N )’

e [dn, e dry PO ) (4)

(Integration over a particle coordinate is implicitly assumed to be over the
volume V)
The n-particle distribution function g{ is traditionally defined as

(")(r r )
1
g(Nn)(rla 3rn)_ ’(1’)( )

[ ey

but for this work we found it more convenient to work with slightly
modified functions,

(5)

Gg\r;)(rla"'a rn):p—np%)(rl,'"’ rn) (6)

where p denotes the average particle density, p = N/V. For a homogeneous
system, for which the local density p{’(r) equals the average density p, the
G-functions are identical to the distribution functions.

The G satisfy the following reduction relations:

p [ dr, . GY It ) = (N= 1) G, ) ™
and they are normalized according to
Ni

pnfdrl"'drn G%)(r19"'a rn)=(N_'n)' (8)

The excess internal energy U, of the system in a state described by a
probability density P™(r,..., ry) is

Uy= f dr, - diy PY(E s ty) - EN(E o Ty) )
We introduce a configurational entropy S by the definition
Seonf — -—J dr,---dry PM(r,,..,ry)log PM(r .., 1y) (10)

The difference BU, — S5o™ takes its minimum value if and only if the
probability density P equals the equilibrium density P{)’ [Eq. (2)].
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Consequently, this equilibrium density may be characterized by the varia-
tional principle
min {fU,— S} (11)
PN

rather than explicitly by Eq. (2). We shall use this variational characteriza-
tion, which of course is just the statement that in thermodynamic equi-
librium the free energy of the system takes its minimum value, to set up a
hierarchy of approximations.

Since all the potential functions @ are, by assumption, invariant
under permutation of their arguments, P{}’ has the same invariance, and
we may restrict the variation in Eq. (11) to such invariant probability
densities. Consequently, we shall consider only probability densities P
that are invariant under permutations of the arguments. The functions G
then inherit the same invariance property.

The energy U, may then be written as

N k
Up= Y % f dr, - -dty GEr, o 1) DO(ry . 1) (12)
k=1""

This representation derives its usefulness from the fact that the contribution
of the k-body potential @* is expected to decrease rapidly with increasing
k. Actually, many systems are adequately modeled with two-body poten-
tials only. The idea behind the transformation to be defined below is to
isolate k-body contributions to the configurational entropy in a similar
manner, so that they also decrease rapidly with increasing k. Thus, to
express S in a way analogous to the energy representation of Eq. (12),
we define transforms 7y of the functions G{? as follows:

log Y e 1) = 3, (—1)77F > log G (r;,, . 1y) (13)
k=1

The second summation is over all the subsets of £ elements of the set
of indices {1,..,n}. The definition makes sense since the G’ have the
invariance property mentioned above. The y{® share this property. The
inverse of Eq. (13) is

n

log G (rys 1) = 3, )y log y(x sy, 1) (14)

k=1 {ityix} = {1,.,n}

Comparing this equation with Eq. (1), one sees that the relationship
between log G and log y is the same as the relationship between the energy
E and the potential @. It is a version of a cumulant expansion that is meant
to separate contributions from all the subgroups of particles within the
total system of N particles.
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With the help of the y-functions, the configurational entropy S™ may
be expressed as a sum, analogous to the sum representation of U, in Eq. (12).
The transformation leads to the following representation for the difference:

k

P
k!

X [.B¢(k)(r1a"-: rk)+10g ’y%c}(rlw-’ rk)] (15)

Approximations are generated by truncating the summation in this
expression at k= K. The resulting approximation for U, — §°° will be
denoted by FX). Equations for G, k = 1,.., K, will follow from minimizing
F{, in accordance with the variational characterization of thermodynamic
equilibrium expressed in Eq. (11). In the final step the asymptotic form of
the equation for N, V' — oo with p = N/V fixed will be derived.

N
BUy— S = —log N!+ Nlog p+ dry---dr, GO(r,,.., ;)
N
k=1

3. MINIMIZATION OF THE TRUNCATED CUMULANT
EXPANSION

We proceed to find the functions G, k= 1,.., K, that minimize the
truncated expansion for U, — S5

K k
F{'=—logN!+Nlogp+ Y %fdrl---drk GEAr s 1)
k=1""

x [BOENr ..., i) +108 YR(E s 1) ] (16)

Note that F{© is a functional of G{° only, since this function determines
all the lower-order functions G, for k= 1,.., K— 1, through the reduction
relations (7), and the collection G, k=1,.., K, determines all the y{,
k=1,.., K, through Eq. (13). At its minimum value the functional F{® is
stationary with respect to variations §G{(r,,.., rg) that are invariant
under argument permutations and that satisfy the condition

jdr1 e dr g SGENr o T) =0 (17)

[Equation (17) is a consequence of the normalization condition (8).] A
straightforward calculation translates this stationarity requirement into the
following equation, which may be regarded as the basic equation of this
approach:

K
(K—k)! X

{BQS( )(ril’---a r,)
kgl (N=K)ty, ik}g{l ..... K} ¢

+1og y¥(r; -, T;,) } = const (18)
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In combination with K—1 reduction relations linking G’ to G to ...
to G, this equation determines the distribution functions that
approximately describe thermodynamic equilibrium. The constant is
determined by the normalization condition (8) applied to any one of the
G’s.

In the next sections we shall consider two specific approximations and
derive asymptotic forms of the equations valid in the thermodynamic limit
N=pV > .

4. THE TRIPLET APPROXIMATION FOR A
HOMOGENEOUS FLUID

In this section we consider the triplet approximation, which results
from taking K =3 in the foregoing. That is, all contributions to the internal
energy and the configurational entropy that involve distribution functions
of order 4 or more are neglected.

For notational convenience we introduce another set of functions v’
by

'10%()(1'1 FARN] rk) = ’))S\lf{)(rlr"a rk) exP[ﬁQ%()(rl r“yrk)] (]9)

We also introduce a shorthand notation for the functions g, G, vy, ¥, and
@ by dropping the subscript N that refers to the size of the system and
indicating the argument list and the order of the function by a list of
subscripts and their total number. Thus, y,, stands for 73 (rs, 1y), D125
stands for @®)(r,, 1,, 14), etc.

With this notation and K=3, Eq. (18) yields

2 1
m log(y 1 ¥,95) + N_> log(¥ 2 Y23 31) + log Y153 =const
(20a)
We may take the constant on the right-hand side of this equation to
be zero if we agree to change the potentials @ by additive constants
afterward so as to satisfy the normalization conditions. With this
convenient choice, Eq. (20) can be rearranged to read

G,G,G
Gy=—>r—22 e PP (Y s 5) TN (Y ghy) TN DN D)
G1G,6;5

(20b)
Since the reduction relations that couple the various G’s are not

readily applied after the thermodynamic limit N, ¥ — oo has been taken,
we combine them with Eq. (20b) at this stage of the proceedings.
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Integrating Eq. (20b) over r, and using Eq. (7) with n=2, we can
divide both sides of the equation by G,, and rearrange the result to obtain
the following equation:

(W 1) 2 () YN DD
P _ N — N — 1YN —
=“‘——de3 (P37 137238~ PE2)(Yraathy) VT (ifpy) N DD
N=-2
With the abbreviation
Jz(vz)(ru )=Jg,

P _ N —
E{_Jdra (73713723€ Mm)(‘//zﬂ//zl) Y =2)

N-2
N-=-2
x <¢3)-2/(N*“<N*2)} 21)
this reads
¢12=J12(¢/1l//2)72/(]v*1) (22)

Next, we isolate G, by rearranging Eq. (22):
Gia=GGre 2] (Y ) 4V

Integrating over r,, dividing by G,, rearranging, and introducing J'’ by
p N—-1
I =0 = {5 [ Gadae ) 20 @3)

leads to
Y= (/)" (24)
We now collect Egs. (20), (22), and (24) into the set

1 2
log Y153 = _m108(¢12¢23W31)"ml‘)g(‘/’l'//zlps) (25a)
2
log ¥, =log J12_‘]\T_—I10g(’//1‘//2) (25b)

1
log 1[/1=§10ng (25¢)
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We have used the reduction relations that define &, and G,, in terms of
G123 [cf. Eq. (7)] to derive Egs. (25b) and (25¢) from Eq. (25a) [which is
Eq. (20a) with the constant chosen to be zero, i.e., absorbed into the inter-
actions]. Hence the above set of three equations is equivalent to the set
consisting of Eq. (20a) plus the two reduction relations. It is a convenient
starting point for the consideration of the thermodynamic limit, to which
topic we turn next.

We shall only consider the case of a homogeneous fluid here. The
local density p™)(r) then equals the average density p everywhere and
PP(X)=GP(r)= g¥(r)= 1. This explicit information replaces Eq. (25c).
(Obviously, the potentials must allow for a homogencous equilibrium
state.) The asymptotic (V¥ — o) form of Eq. (25a) is clearly

log yr153=0+ O(1/N) (26)

To find the asymptotic form of Eq. (25b), we must consider the
asymptotic form of log J,,. The reduction relation (7) with =2 can be
rearranged to read

p [ dryvapistnyin=N=2 (27)

Equation {25a) implies that to leading order, 7,3 =¢xp(—B®,,;). These
observations imply that the integral in the definition of J,,, Eq. (21), is
roughly (N —2)/p. This leads us to write

p —
log Ji,=(N~2)log {m J. drs (7371373 P02)
X (l//23¢31)_1/(N72) ((//3)2/(N—1)(N~2)}
p —
= (N—z) log {1 +N——2 j dl'3 ’))3(-);13);23(3 ﬁ(pm_')’u ot 1)

+‘L‘ d — B

N—_2 I3 (73713723€ )
X (Yagay) = VN =2) () YN = DIV=2) _ 1)}

where we have used that
p[dryyn=N-1 (28)

which follows from Eq. (7) with n= 1.



152 Schiijper and Kikuchi

We now expand the above expression in powers of N™!, boldly
assuming that our manipulations can be justified in a mathematically
rigorous fashion. We shall freely interchange summations and integrations;
moreover, we make the following assumptions as regards the order of the
integrals that we shall encounter (recall that all coordinate integrations are
over the volume V= N/p):

1. Integration of any product of factors y and/or factors exp(— fd)
over a coordinate r; yields a result of O(N).

2. Integration of any integrand that contains a factor log yr, ..., over
one or more (up to k— 1) coordinates r; out of r,,.., r, yields a
result of O(1); integration over all k coordinates yields a result of
O(N).

The first assumption is based on the expectation that such an
integrand will approach unity if any coordinate becomes very large, and
the second assumption derives from the expectation that the quantity
U, — Sy should be proportional to N for large N and that the same holds
for each of the separate contributions in the expansion of Eq. (15).

With the abbreviation

E12:,0jdr3 73(?13?23€~M123—V13“‘V23+1) (29)

a straightforward calculation yields

L (Ep)*

IOngzzElz“EN_z

o _ 1
—mj dryp3y13723e P22 log(Yossy ) + O (]_V> (30)
Since the integral in Eq. (30) is O(1) according to our second assumption,

we obtain the asymptotic form of Eq. (25b) as

log ¢12:E12+0<’Zl§> (31)

Collecting our results from Eqgs. (26) and (31), assuming sufficiently

smooth behavior so that the O(1/N) terms can be neglected, using

homogeneity to substitute unity for y*)(r,), and reexpressing the equations

in terms of the standard pair and triplet distribution functions g and g®,
we find

€123 = €12 823 831 €XP(— fP123) (32a)

812 =€Xp I:_B¢12+P j dry (g3 8ne PP — g3 —gy+ 1)] (32b)
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Recall that we adopted the convention that the potentials ®* and
@) incorporate the freedom of an additive constant each, to allow for
proper scaling of g'* and g®. Proper scaling is best effected by using the
fact that the distribution functions should approach unity whenever the
separation between any two of their arguments approaches infinity. It
follows from Eq. (32) that this can be ensured by adjusting the potentials
so as to approach zero for infinite separations, which is the usual choice
anyway.

Equation (32a) is an explicit equation for the triplet distribution
function, which in the absence of a triplet interaction, ie., @?' =0, is seen
to be just the Kirkwood superposition approximation. It is an automatic
result of our formalism rather than an additional assumption. Equation
(32b) is an integral equation for g'®, which, in the absence of a triplet
interaction and with the (standard) notations g,,exp(f®,,)=y,, and
g1»— 1 =Fh,,, can be written as

Y12 =¢€Xp <P j dr, h13h32) (33)

This same equation results if the hypernetted chain (HNC)
assumption'? is combined with a linearized version of the Ornstein—
Zernike (OZ) relation,*® as follows. The OZ relation, which defines the
direct pair correlation function ¢, is

ha—cro=p [ drs hises, (34)
A version linearized in p is
hlz“c12=PJdr3 hyshs, (35)

Upon combination with the HNC approximation

Yiz=explhi;—¢y5) (36)

this produces Eq. (33). In this sense our triplet approximation for g® is a
linearization of the HNC approximation, just as the Percus-Yevick (PY)
approximation™ y,,=1+h,, —c,, can be considered as such.

It is also possible to obtain the PY equation from Eq. (33) by linearizing
the right-hand side as foliows:



154 Schlijper and Kikuchi

ye=1l+p j dry hyshy, + O(p?)

1
=1+pjdr3h13g32(1——>+0(p2)

&3z
=1+ p [ drs hys g1 —exp(Bhsz) ] + O(6%)

Dropping the O(p?) term now results in the PY equation.

Two comments may be in order. First, to truncate the general equation
(15) and to minimize the expression in Eq. (16) is exactly the basic procedure
of the cluster variation method for lattice models. Second, the fact that
Kirkwood’s superposition approximation (32a) is derived from this trunca-
tion procedure can be interpreted as this truncation (the very basis of the
cluster variation method) being equivalent to the closure procedure which
uses the superposition approximation.

5. THE QUARTET APPROXIMATION FOR A
HOMOGENEOUS FLUID

In this section we present the next higher approximation out of the
hierarchy, namely the quartet approximation, which results if we take
K=41n Eq. (18). Again we incorporate the constant on the right-hand side
of that equation in the potentials. The quartet version of Eq. (18) then
leads to

1
logy 234 = —~ ]_V‘__3 log(¥ 123 124¥ 134¥234)

2
- m log(Wr oW 13Y 14¥ 230 24 34)

6
T (N=1)(N=2)(N-3)

log(y 1 ¥ar3drs) (37)

In exactly the same fashion as in the treatment of the triplet equation,
we use the reduction relations to derive the following equations:

2
log 153 =1og J 53— N*—Z log(¥ 12913 23)

6
—(_N—_“l—)w—_z)log(l//ﬂ//zlﬁs) (38)
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with
p _
Ji3= l:m f dry (V12471347234 V14V 24V 347 4€ Mlm)
X (Y 124V 13aWa3a) YT (Y 1aragifsg) Y TDWED
X (l/,‘i)—6/(N—1)(N—2)(N—3):|N~3 (39)
and
1 3
log lﬁ12=-2-10g le“ml()g(‘lll‘pz) (40)
with

) _ _ _
J12=|:deT3Y3V13V23J1233 fnas (U 13¥23) AN =2)

N—-2
x(¢3)—6/(N*1)(N*2):| (41)

Note that J,, for the quartet approximation is not identical to the J, we
defined earlier for the triplet case.

We can also write a similar equation for log,, but since we shall
again restrict our attention to homogeneous fluids, we shall not need such
an equation, but will use the explicit knowledge y"(r) =1 to complete the
set of equations.

The final step is to find the asymptotic form of Egs. (37), (38), and
(41), valid for large N and V, with p = N/V fixed. The asymptotic form of
Eq. (37) is clearly

log ¥1234=0+0 (3 (42)

In finding the large-N behavior of log J,,; we employ the reduction
relations [Eq. (7)] with n=0, 1, 2 and 3 in the form
p J dryvsa=N
pfdr4y4y14=N—1

P J. AraVaViaVaa¥ia=N—2

p j drgvaV1aY2473a7 12471347 238V 1234 = N —3
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to write

p —
log Ji53=(N—3)log {1 +m j Ary (V47147247347 1247 134V 234€ Az

—VaV14V24V124 — Va7V 14734V 134 —VaY24V347 234

+ 7414t VaV2a T VaV3a — V)
p —
+ N_3 j dry (V4714724V34V 1247 134V 23087 01)

X [(‘//124‘,0134‘,0234)_1/([\,_3) (‘//14‘//24'//34)AMNAZ)(N‘”

X (1/14)76/(N71)(N72)(N73)_ 1]}

We introduce the abbreviations

Ejpz=p J dry (7aV1472473aV 1247134V 230€ PO

—YaV14V24V124 7 VaV14V34V 134 —VaV24734V 234

+VaViat VaV2a T VaV3a—Va) (43)

and

Fiz=p J dr, [V4714V24V34V124V134}’234‘3_”1234 1og(V 124¥ 134 234) ] (44)

Then, employing the rules of operation as assumed in the previous section,
we can write

(Eix)? F 1
10gJ123:E123~-2—(—]T712—3_?a)_N;—233+0 ‘N‘i (45)

so that we find the asymptotic form of Eq. (38) to be

1
logy3=E;3+0 <N> (46)

The O(N~') contributions to J,,; will play a role in the asymptotic
behavior of J,,, which we shall consider next. In the by now familiar way
we derive

1
logJ,=p j dry y(7iaydime PP =y — v+ 1)+ 0 <N>
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into which result we substitute the expansion for J,,; that follows from
Eq. (45) to find

logJi,=p f Ars ps(713723€" 2 PP —y s — 55+ 1)

2

P
N-=-3

Ej23— BP123

fdr3 Y3Y13Y23€

1
X J dr, }’4“/14’/247’343’124“/1347’2346#mm3 log 4+ 0 (‘N)

The second term results from part of F,,; and is kept since the integral is
O(N): interchanging the order of integration and using [cf. Eqs. (42)
and (46)]

1
—BP123a +0(=
€ Y1234 <N>

1
Ej3— BP13
=)+ 0=
€ V123 (N)

we see that this second term is

2

P
N-3

j dry 747147247124 108 ¥ 124

1
X f dr, [737’133’23V43V123?143V243V1243 +0 <—]\—7>:|

2

p
N-3

N-3
Jr dry V47147247124 108 ¥ 124 [T +0(1 )]

1
=—p f dry y37137237 123 10g Y105+ O (N)
and thus

logJ,=p j drs Vs('}’lﬂzseElB_ﬂlpm“‘Vls —y3+1)

1
'“deh V3137237123 108 l//123+0<ﬁ> (47)

Since Eq. (46) only determines y,,; to leading order and O(1/N)
contributions may not be neglected if y,,; occurs in an integrand, we must
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replace the factor y,,;logy,,; by an expression in terms of E,,;. From
Egs. (38) and (45)

(Ei3)”  Fix

1\
2AN—-3) N-3 N-=2 N?

log(V 1, 13%23)+ O <N2)

log ¥ 103=Ep3—
from which one may deduce that

P f drs y37137237 123 l0g Y123
=p j dr, ?’37’137’23E1233E1237”123 —p J dryy37i3Y23Y 123 10g ¥ a3

1
21 o=
ogy,+ (N)

which yields the following relation:

p J dry y37137237 123 10g Y103

1 1
= —log ¥y, +EP j dry 93713723 Eppse™@ 713 + 0 (N) (48)

Combining Egs. (40), (47), and (48), we find for the asymptotic form of
Eq. (40)

E123— BPi23

log l//12=pfdr3 73(Y13723€ — V13— 73+ 1)

1 1
2 p f dryps3713723 B €2 P92 4 0 (ﬁ) (49)

Collecting our results, dropping the O(1/N) terms, and expressing the
equations in terms of the standard quartet, triplet, and pair distribution
functions, we obtain, after some rearrangement, the following set of
equations for the homogeneous fluid:

£123 8124 8134 8234

g3 = exp(—pd 50a
1234 812813814823 824 834 P(=hPizs0) ( )

g1234 8124 8134

8123 = 812 823 831 eXP[—ﬂ¢123+pfdr4<

8123 812 &13

g
—ﬂ+g14+g24+g34_1>:| (50b)
823
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g12=exp[—ﬁd>12+pjdr3 (f_g13_g23+1>

12

1 £123 &123
2pfdl'3 812 <ﬁ¢123+10g812g23 g31>J (50c)
Equation (50a) has the form of a superposition approximation. For
D53, =0 it is just the relation proposed by Fisher and Kopeliovich. Here
it is generated by the formalism itself.
The additive constants that have been absorbed into the potentials
must again be adjusted so that the potentials approach zero at infinity.

6. CONCLUDING REMARKS

We have presented a new formalism for the generation of integral
equations to approximate distribution functions of fluids. It is an adaptation
of the conceptual approach underlying the cluster-variation method
(CVM) of lattice theories. It is straightforward and generally applicable; it
can handle many-body interactions and inhomogeneous fluids.

This work represents the very beginning of a new application of the
ideas behind the CVM. There are many important questions that we
cannot answer at this stage; in particular, we do not want to make any
claims as to the accuracy of the approximations, Nevertheless, we want to
lend credence to our approach by showing one result of a first application
(which will be presented in full detail in a forthcoming publication). It

Local density L-J fluid

Linear third-grder result

Simuiation data

T T T 1
-3 2 -1 0 1 2 3

Inter-walls coordinate
Fig. 1. Density profile of Lennard-Jones fluid between attracting walls. (—) Linearized
triplet approximation, (——) Monte Carlo simulation. The temperature is given by kT/e =2,
with ¢ the Lennard-Jones energy parameter.

822/61/1-2-11
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concerns an inhomogeneous system; although we have not presented the
equations for the inhomogeneous case explicitly, they can be derived in a
straightforward manner in our formalism, as stated carlier. The example
that we show in Fig. 1 concerns a fluid that is confined between two
parallel walls. The fluid-wall potential is attractive and exponentially
decaying; the fluid molecules interact with a truncated Lennard-Jones
potential. The walls are six molecular diameters apart. We used the triplet
approximation of our approach. In the inhomogeneous case this results in
two coupled integral equations that must be solved. We simplified these
equations by linearizing one of the two with respect to the overall density
p; the resulting approximation is referred to as the linearized triplet
approximation for the density profile.

In Fig 1 its result is compared with the Monte Carlo simulation result
for the same system. Note that this agreement is obtained without any
input other than the wall and fluid potentials; state-of-the-art density
functional approaches generally need structural information from the
homogeneous fluid to achieve comparable results. A detailed presentation
of the inhomogeneous equations and the numerical results will be given
elsewhere in the near future.*

NOTE ADDED IN PROOF

The validity of the assumption that O(1/N) corrections may be
neglected in the final equations may be questioned. A more detailed
asymptotic analysis, to be presented in the near future, clarifies this point.
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